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I. INTRODUCTION
It has recently become possible to calculate electronic mobility of bulk semiconductors from first principles, without any empirical parameters [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . Nevertheless, the accuracy of these first principles methods based on density functional theory (DFT) is still not well established. Electronic mobility of a semiconductor is determined by carrier effective masses and scattering rates of the electronic states near the band gap [14, 15] . However, band gaps are typically underestimated using the standard approximations for the exchange-correlation energy in DFT [16] . This may lead to the inaccurate description of the curvatures of the conduction and valence bands near the energy gap, particularly for direct narrow gap semiconductors. Consequently, it is essential to correctly describe the electronic bands near the gap in order to reliably compute electronic mobility of semiconductors.
The issue of the accurate representation of the electronic states relevant for transport is particularly severe in PbTe, which is one of the most efficient thermoelectric materials in the mid-temperature range (500 − 900 K) [17] [18] [19] [20] . PbTe has a direct narrow band gap at four equivalent L points [21] [22] [23] . When spin orbit interaction (SOI) is taken into account using the local density approximation (LDA) in DFT, the direct band gap at the L point is underestimated to such a degree that the conduction and valence bands invert and mix heavily [24] [25] [26] . This is termed a "negative band gap", and results in the charge carrier effective masses in poor agreement with experiment [24, 26] . Such issues in reproducing the electronic band structure of PbTe indicate that it is much more challenging to model its electronic thermoelectric transport properties from first principles [27] [28] [29] [30] than the lattice thermal conductivity [31] [32] [33] [34] [35] .
The strength of electron-phonon scattering in PbTe also remains elusive due to the outlined issues in characterizing the electronic band structure. In particular, the strength of intravalley acoustic phonon scattering, which depends on the curvature of the conduction and valence band edges, is not well determined. Intravalley acoustic phonon scattering may be described with deformation potential theory [36, 37] , in which its strength is determined by an effective deformation potential Ξ. Empirically, this parameter can be determined by choosing a transport model with selected scattering mechanisms and fitting to electronic transport measurements. In the case of n-type PbTe, this approach yielded Ξ = 22 ± 2 eV [19, 38, 39] . For the L valleys in the cubic structure, there are two linearly independent deformation potentials: uniaxial and dilatation deformation potentials, Ξ u and Ξ d [37] . The values of Ξ u can be obtained directly from piezoresistance or ultrasonic measurements, yielding Ξ u ∼ 3 − 4.5 eV [38, 39] . Combining these values of Ξ and Ξ u gives Ξ d ∼ 17 − 22 eV [38, 39] . In contrast, early empirical pseudopotential calculations found Ξ [40] . A recent first principles study reported only the electronic scattering rates of PbTe resolved by each phonon mode, which were calculated using the electronic band structure with the negative gap [30] .
In this paper, we determine the acoustic deformation potentials of the conduction band L valleys of PbTe using first principles and state-of-the-art hybrid exchangecorrelation functionals. We verify that the LDA excluding SOI and the hybrid HSE03 functional including SOI capture a positive band gap and the effective electron masses in excellent agreement with experiment, in contrast to the LDA including SOI. We show that different exchangecorrelation functionals give very similar band masses and deformation potentials, as long as they correctly describe the character of the conduction band states near the band edges. We calculate Ξ L u = 7.0 eV and Ξ L d = 0.4 eV by fitting the electron-phonon matrix elements obtained using density functional perturbation theory (DFPT) with the LDA excluding SOI. We also calculate deformation potentials from relative band shifts due to strain following the approach of Van de Walle and Martin [41] [42] [43] [44] , which allows us to compute deformation potentials using hybrid functionals. To the best of our knowledge, DFPT implementations that link with hybrid functionals are still unavaliable. Using this method, we obtain Ξ L u = 5.5 eV and Ξ L d = 0.8 eV with the HSE03 functional including SOI, in good agreement with our DFPT results. Contrary to the values determined empirically from transport measurements [19, 38, 39] , we find that Ξ L d ∼ 0 eV, and the effective deformation potential is approximately proportional to Ξ L u ∼ 6 eV. This finding is of considerable significance in understanding the material properties that determine carrier transport in PbTe.
II. METHODOLOGY
Within the low temperature and low carrier concentration regime, the four conduction band minima at the L points in PbTe can be well described by a parabolic energy dispersion with respect to the wavevector k:
E c is the energy of the band edge, is the Planck constant, and ∆k and ∆k ⊥ are the parallel and perpendicular components of the wavevector k − k L , where k L corresponds to the L valley minimum. Charge carriers behave as free electrons with effective masses m * or m * ⊥ depending on the direction of motion: along the longitudinal axis parallel to k L or along the transverse axes perpendicular to k L , respectively. We verify this assumption and extract the values of m * and m * ⊥ from first principles calculations of the electronic band structure, along with values of the band gap.
To calculate deformation potentials due to longwavelength acoustic phonons [36, 37] , we follow the procedure outlined by Fischetti and Laux [45] and MurphyArmando and Fahy [1] . We may describe the interaction between electrons and acoustic phonons with a slowly varying potential dependent on the deformation potential tensor Ξ αβ [37, 46] as:
where α and β are Cartesian coordinates, and ε(r) is the local strain tensor at r [47] . Considering the L and X valleys of a cubic material, the deformation potential tensor consists of two linearly independent terms, Ξ ν d and Ξ ν u , ν ∈{L, X} [37] . Ξ ν d is the dilatation deformation potential, and represents the shift in band energy due to a dilatation in the direction normal to the axis of the valley ν [37] . Ξ ν u is the uniaxial deformation potential, and corresponds to the band shift due to a uniaxial stretch along the direction of the valley ν, and a corresponding compression perpendicular to this direction so that volume is preserved [37] . In this case, the electron-phonon coupling Hamiltonian can be written as [37, 47] :
wherek ν is a unit vector parallel to the k-vector of the valley ν.
We calculate the uniaxial and dilatation deformation potentials for the conduction band L valleys of PbTe from first principles by linking the electron-phonon coupling Hamiltonian from the deformation potential theory with that of DFPT. Within DFPT, the electron-phonon matrix element for an electron scattering event from a state k and band n to a state k ′ and band m via a phonon with wavevector q and branch index s can be defined as [48] :
where e s αb (q) is the α th Cartesian component of the phonon eigenvector for an atom b with mass m b . m c is an arbitrary reference mass [48] , and we choose it to be equal to the mass of the unit cell for consistency with deformation potential definitions [49] . The subscript "uc" in Eq. (4) indicates that the integral is carried out within one unit cell. u nk is normalized to unity in the unit cell, and is the lattice periodic part of the wavefunction ψ nk expressed in Bloch form as N −1/2 l u nk e ik·r , where N l is the number of primitive cells. ∂ αb,q v KS is the lattice periodic part of the perturbed Kohn-Sham potential expanded to first order in the atomic displacement, see Ref. [48] for further details. We note that the above definition of the electron-phonon matrix element is not the typical one given in the DFPT literature, which corresponds to Eq. (4) multiplied by the "zero-point" displacement amplitude, l qs = ( /2m c ω qs ) 1/2 [2, 7, 48] . To calculate deformation potentials using DFPT, we fit the electron-phonon matrix element given by Eq. (4) in the limit of q → 0 with the deformation potential Hamiltonian of Eq. (3):
where e s (q) is the strain polarization vector. Using Eq. (5), we derive the expressions for H ep in the deformation potential theory along high symmetry q directions for transverse and longitudinal acoustic phonons in terms of Ξ u and Ξ d [37] . We then calculate the electronphonon matrix elements H nn (k; qs) using DFPT for the same phonon polarizations and directions. Finally, we extract the deformation potentials from the linear terms of polynomial fits to H nn (k; qs) versus |q| for all considered phonon polarizations and directions. Further details of the implementation of this approach are given in Appendix A.
We also calculate the deformation potentials of PbTe following the pioneering work of Van de Walle and Martin [41] [42] [43] [44] on relative band shifts due to strain in semiconductors. We use this method as an alternative method to compute deformation potentials and validate those calculated from the DFPT approach. Furthermore, coupling this method with hybrid functionals, which give a better representation of electronic states near the band gap compared to LDA, allows us to properly include the effects of spin orbit coupling. The approach of Van de Walle and Martin has been applied to a wide range of semiconductors to capture band offsets at semiconductor interfaces and deformation potentials in good agreement with experiment [42] . A detailed discussion of the calculation of Ξ u and Ξ d following this approach is given in Appendix B.
Our electronic band structure calculations, performed with the LDA exchange-correlation functional [50, 51] , are carried out with the Hartwigsen-Goedecker-Hutter (HGH) norm-conserving pseudopotentials [52] using the Abinit code [53] . We use the Vienna ab initio simulation package (VASP) [54, 55] to perform electronic band structure calculations using the generalized gradient approximation (GGA) of Perdew, Burke, and Ernzerhof (PBE) [56, 57] and the screened Heyd-Scuseria-Ernzerhof (HSE03) hybrid functional [58] [59] [60] [61] . In the PBE/HSE03 calculations, the basis set for the one-electron wave functions is constructed with the Projector Augmented Wave (PAW) method [62, 63] . We carry out the LDA calculations using the HGH pseudopotentials with the 6s 2 6p 2 states of Pb and 5s 2 5p 4 states of Te explicitly included in the valence states. For the PAW potentials, we also include the semicore 5d
10 electronic states of Pb in the valence states. We calculate the matrix elements u mk+q | ∂ αb,q v KS |u nk uc directly from the density functional perturbation theory (DFPT) method [48, 64] as implemented in Abinit [53, 65, 66] , using the LDA functional and the HGH pseudopotentials excluding SOI. Fig. 1 shows the electronic band structure of PbTe calculated using: (a) the LDA and HGH pseudopotentials excluding SOI, (b) the LDA and HGH pseudopotentials including SOI, and (c) the HSE03 hybrid functional and PAW potentials including SOI [67] . The combination of the LDA tendency to underestimate the band gap [16] -4 . This spin orbit splitting causes the valence band maximum to be repelled upward, while the conduction band minimum is repelled downward [24, 25] . The resulting band gap is underestimated to such a degree that the topmost valence band and bottommost conduction band become interchanged and mix heavily near the L point [24, 25] , forming a "negative band gap" [26] . Furthermore, the Σ valley (along the Γ-K direction) becomes the highest valence band, forming an indirect band gap with the lowest unoccupied energy state at L, see Fig. 1 (b), at odds with experimental observations [21] [22] [23] .
III. CHARGE CARRIER EFFECTIVE MASSES
In order to precisely determine whether we have a pos- TABLE I. Electronic band gap (Eg) and valence and conduction band effective electron masses (m * ,v and m * ,c , respectively) of PbTe calculated with the LDA, PBE, and HSE03 exchange-correlation functionals including/excluding spin orbit interaction (SOI), compared to the previous HSE03 and quasi-particle self-consistent GW calculations and experiment. itive or negative band gap, we compute the overlap of the periodic parts of the conduction and valence band wavefunctions at the L point with the wavefunctions of the same bands at wavevectors away from L. We consider only the 1 st electronic states on either side of the Fermi level, which corresponds to the highest occupied state at 0 K, and is set to 0 eV, see Fig. 1 . We label the periodic part of the wavefunction of the state below the Fermi level |u k,h , and the periodic part of the wavefunction of the state above the Fermi level |u k,e . We define the valence band state at L as the band state that satisfies | u L,h |u k,h | > | u L,h |u k,e | for wavevectors k sufficiently far from L. The conduction band state at L is similarly defined as the band state that satisfies | u L,e |u k,e | > | u L,e |u k,h | for wavevectors k sufficiently far from L. If the character for the conduction and valence band states changes as a function of k, the values of | u L,h |u k,h | and | u L,e |u k,e | will become substantially smaller than those of | u L,h |u k,e | and | u L,e |u k,h | respectively, as the k-vector moves away from L, see Fig. 2(d) . We choose the wavevector k to be along the Γ-L-W line, which corresponds to the directions along which we extract the values of m * (L → Γ) and m * ⊥ (L → W). We plot these wavefunction overlaps in Fig. 2 for: (b) the LDA and HGH pseudopotentials excluding SOI, (d) the LDA and HGH pseudopotentials including SOI, and (f) the HSE03 hybrid functional and PAW potentials including SOI.
By computing the described wavefunction overlaps, we confirm that the inclusion of SOI within the LDA-HGH level of theory results in a negative band gap. Fig. 2(d) illustrates that the band state at L above the Fermi level overlaps more strongly with the band states below the Fermi level for wavevectors away from L. Therefore, |u L,e mainly exhibits the character of the valence band. Conversely, the band state at L below the Fermi level overlaps more strongly with the band states above the Fermi level for wavevectors away from L, which indicates that |u L,h has the character of the conduction band. This analysis confirms the change of the conduction and valence band states character as the wavevector k varies, see Fig. 2(c) , and the presence of an inverted band gap. As a result, effective masses calculated with the LDA functional including SOI [68] are in poor agreement with experiment, see Table I .
In contrast, the LDA-HGH level of theory excluding SOI correctly represents the character of the conduction and valence band states near the gap in PbTe despite the band gap overestimation, see Fig. 2(b) . The band state at L below (above) the Fermi level overlaps more strongly with the band states above (below) the Fermi level for wavevectors away from L, and thus it mainly exhibits the character of the valence (conduction) band. This confirms the correct ordering of states at L and a positive band gap when SOI is excluded, and verifies that our effective electron masses are extracted from physically correct states. Indeed, the effective electron masses of PbTe calculated with the LDA excluding SOI are in very good agreement with experiments, see Table I . We thus anticipate that the LDA excluding SOI may reasonably well describe electronic transport properties of PbTe. We note that the energy separation of the 1 st and 2 nd conduction band states without SOI is considerably smaller than in the case including SOI, which may lead to some inaccuracies in the electron-phonon matrix element calculations.
In order to more accurately describe the energy differences and curvature of the states near the band gap of PbTe, we also carried out hybrid functional calculations. The effectiveness of screened hybrid functionals [58] in capturing structural, elastic, and electronic properties has previously been shown for a wide range of semiconductors [69] [70] [71] . In particular, the documented ability of the HSE03 functional [58] [59] [60] to correctly reproduce the band gap and correct ordering of states with the inclusion of SOI in lead chalcogenides [24] is the main motivation for its use in this work. We show the electronic band structure of PbTe calculated with the HSE03 functional including SOI in Fig. 1(c) . We note that the PBE functional including SOI, which was used to construct the HSE03 functional, yields a very narrow positive band gap and poor effective masses compared to experiment, see Table I .
The HSE03 functional including SOI reproduces the band gap and effective masses of PbTe to excellent agreement with experiment and previous hybrid functional [24] and quasi-particle self-consistent GW (QSGW ) [26] calculations, see Table I . The excellent agreement of the effective masses with experiment is due to the fact that the HSE03 functional obtains the correct ordering of states near the band gap, which we confirmed by computing the previously defined wavefunction overlap, see Figs. 2(e) and (f). Thus, there is no entanglement of the conduction and valence bands in HSE03 calculations as obtained using the LDA with SOI [24] . Furthermore, the valence band maximum is found at L, and not along the Γ-K direction, as was the case for the LDA including SOI. The HSE03 functional also captures a much larger energy separation of the 1 st and 2 nd conduction band states compared to the LDA without SOI. This potentially resolves any issues whereby incorrect hybridization with the 2 nd conduction band might compromise the calculation of the electron-phonon matrix elements near the conduction band minimum. We further confirm the accurate description of the electronic band structure of PbTe using the HSE03 functional by comparing the calculated hydrostatic pressure gap coefficient with experiment. The hydrostatic pressure gap coefficient is defined as the change in the electronic band gap with respect to pressure, dE g /dP [75] . The value of dE g /dP calculated with the HSE03 functional compares very well with experimental data [72] [73] [74] , and captures a decreasing band gap with pressure, see Table II . Thus, we expect that the hybrid functional will accurately describe changes in the electronic band structure due to strain or pressure, of particular importance when computing deformation potentials.
The LDA functional excluding SOI also gives the correct sign of dE g /dP since it correctly captures the sign of the band gap. The calculated value of dE g /dP with the LDA excluding SOI is in fair agreement with experiment, see Table II . This indicates that the DFT-LDA level of theory excluding SOI may give fairly accurate values of the deformation potentials of PbTe. However, the agreement with experiment is not as good as that of the HSE03 functional, possibly due to the small energy separation of the 1 st and 2 nd conduction band states. In contrast, the calculated value with the LDA including SOI yields an increasing band gap with pressure due to the inverted ordering of the conduction and valence bands and heavy mixing of states near the band edges [24] . This finding further suggests that the LDA including SOI may not reliably describe the deformation potentials of PbTe.
IV. DEFORMATION POTENTIALS OF PBTE
We calculate the acoustic deformation potentials of PbTe using all the exchange-correlation functionals considered so far. We expect that the LDA functional excluding SOI and the HSE03 functional including SOI will give reasonable values since they both give a good description of the electronic band structure of PbTe. To compute deformation potentials using the LDA excluding SOI, we use both DFPT and the relative band shifts approach proposed by Van We first compare the calculated values of the deformation potentials of PbTe, obtained using DFPT with the LDA functional excluding SOI, with those from experiments [19, 38, 39] , see Table III The consistency of our dilatation deformation potential values calculated using different approaches suggests that the the discrepancy with the values evaluated from transport measurements is unlikely to be due to an error in our implementation of either approach. Furthermore, our effective masses and unixial deformation potential agree very well with previous measurements. We note that the values of dilatation deformation potentials extracted from experiments depend on the chosen transport model and the parameter values used. In extracting the deformation potentials of PbTe, Ravich et al. [39] assumed that the electronic mobility as a function of carrier concentration at 77 K is limited by three scattering mechanisms: impurity scattering, polar optical scattering, and acoustic phonon scattering. Using experimental parameters for the former two mechanisms, the electron mobility limited by these was subtracted from the experimental values. An effective deformation potential was then obtained by fitting a relatively simple model to the remaining mobility. On the other hand, LaLonde et al. [19] entirely attributed electron-phonon scattering to acoustic mode phonons, and fitted their model to electronic transport measurements for a range of temperatures and carrier concentrations. Based on all these considerations, we conclude that the dilatation deformation potential is indeed of the order of Ξ L d ∼ 0.5 eV as our calculations show, and thus much weaker than previously believed.
Interestingly, the deformation potential values calculated using the the approach of Van de Walle and Martin using different exchange-correlation functionals are in fairly good agreement with each other, even when their band structures are not correctly described, see Table  IV . When SOI is accounted for at the LDA level of theory, we calculate Ξ L u = 7.7 eV from the strain induced L valley splitting. This value is in very good agreement with the values calculated using the LDA functional excluding SOI and the HSE03 functional including SOI. Furthermore, the value of Ξ L d = −1.6 eV obtained using the LDA including SOI is in fair agreement with those calculated using the LDA excluding SOI and the HSE03 functionals. The deformation potential values obtained using the PBE functional excluding SOI are also in fairly good agreement with all these values.
The analysis above indicates that the character of the states near the band gap may not be so important for the deformation potentials of PbTe. This may be due to the fact that the conduction and valence bands at L have a mirror symmetry, so that their inversion does not have a large influence on the deformation potentials. However, reliable transport calculations require accurate effective masses in addition to accurate deformation potentials. Only those exchange-correlation functionals which capture all these quantities correctly will be able to properly describe electronic transport. Our analysis shows that the LDA excluding SOI and the HSE03 including SOI may provide a sufficiently accurate representation of the electronic transport properties of PbTe.
We note that, formally speaking, the GW method should yield a more accurate description of the electronic band structure than the LDA excluding SOI and the HSE03 functionals. In future work, the deformation potential values of PbTe obtained using the LDA excluding SOI and the HSE03 including SOI will be compared to those obtained using GW .
VII. CONCLUSION
The local density approximation (LDA) excluding spin orbit coupling and the HSE03 hybrid functional capture a positive band gap and physically correct conduction and valence band states near the band gap in PbTe. We calculate the uniaxial and dilatation acoustic deformation potentials of the L valley conduction band of PbTe using density functional perturbation theory and the LDA excluding spin orbit coupling, and find values of Ξ Our results show that a particular choice of an exchange-correlation functional is not critically important for calculating the effective masses and deformation potentials of PbTe, provided the functional captures physically correct states near the band edges. Our dilatation deformation potential values of PbTe are much lower than those obtained by fitting electronic transport measurements, suggesting that intravalley acoustic phonon scattering is considerably weaker than assumed in prior studies. We are currently studing electronic transport in PbTe using a first principles derived model that uses the reported deformation potential values.
APPENDIX A: DEFORMATION POTENTIALS FROM DENSITY FUNCTIONAL PERTURBATION THEORY
We calculate deformation potentials due to longwavelength acoustic phonons [36, 37] following the approach of Fischetti and Laux [45] and Murphy-Armando and Fahy [1] . The detailed steps of this procedure are given below.
Deformation potentials
We first obtain the expressions for the acoustic deformation potentials along high symmetry q directions in terms of Ξ u and Ξ d , using the deformation potential Hamiltonian H ep given by Eq. (5) Table V, which corresponds to Table IV of Herring and Vogt [37] . We then calculate all listed H ep /q, using Eq. (5) and the related electron-phonon matrix elements computed with DFPT, as described below. 
Matrix element calculation details
We compute the electron-phonon matrix elements given by Eq. (4) for the transverse and longitudinal acoustic phonons along the five high symmetry q directions using the DFPT method [48, 64] , as implemented in Abinit [53, 65, 66] . We used the LDA exchangecorrelation functional excluding SOI and the HGH pseudopotentials. In this work, we are only interested in intravalley acoustic phonon scattering involving the conduction band L valleys. Thus, we calculate the electronphonon matrix elements coupling states L and L + q (labeled as L → L + q), as well as the matrix elements coupling states L − q/2 and L + q/2 (labeled as L − q/2 → L + q/2). To extract the deformation potential values as q → 0, we calculate the electron-phonon matrix elements for a range of q along the five symmetry directions, including as short q as the computational cost allows. The phonon wavevectors used in our DFPT calculations are the shortest wavevectors that are commensurate with the k-point grids for electronic states ranging from 8 × 8 × 8 to 48 × 48 × 48. We use an energy cutoff of 20 Ha for plane waves.
Subtracting Fröhlich interaction
PbTe is a polar semiconductor and thus some portion of the electron-phonon matrix element will be due to the interaction of electrons with the electric field generated by oppositely charged atoms moving out of phase with each other [76] . This Fröhlich contribution to electronphonon coupling will be large for longitudinal optical (LO) phonons, but it may also be non-negligible for acoustic phonons since their eigenvectors may contain a small LO component. To obtain deformation potentials due to acoustic vibrations only, we subtract the Fröhlich contribution from the electron-phonon matrix elements calculated using DFPT [77] [78] [79] . To be consistent with our definition of the electron-phonon matrix element given in Eq. (4), we define those due to the Fröhlich interaction as [48, 79] :
where Ω is the volume of the primitive cell, and ε 0 is the permittivity of free space. G is the reciprocal lattice vector and τ b is the position of atom b. Finally, α is the convergence parameter for the summation over G in Eq. (6), taken as α = 5(2π/a) 2 , where a is the lattice constant [78] . Z * b and ε ∞ are Born effective charge and high-frequency dielectric tensors, respectively. They are diagonal and isotropic for cubic materials, and we calculated their values using DFPT and the LDA excluding SOI, yielding Z * Pb = 6.35, Z * Te = −6.35 and ε ∞ = 34.85. We calculate the desired electron-phonon matrix elements due to acoustic vibrations by subtracting the Fröhlich contribution from the matrix elements (a) PbTe: [11 -1] (e) H nn (k; qs) computed using DFPT:
In the long wavelength approximation, both total and Fröhlich matrix elements are imaginary if the electronic wavefunctions and phonon eigenvectors are real [46, 80] . However, we found that the total matrix elements acquire an arbitrary phase in the DFPT calculations. To avoid any phase mismatch between the DFPT and Fröhlich matrix elements that we calculate aposteriori, we subtract their absolute values, which is a reasonable approximation when q → 0. We found that the values of deformation potentials of PbTe due to the Fröhlich interaction for the longitudinal acoustic phonons range between 0 to 0.3 eV along the five high symmetry q directions. To be consistent with the standard definition of deformation potentials [46] , we also remove the wavefunction overlap integral from the resulting electron-phonon matrix element, see Eq. (7). The impact of the wavefunction overlap on our calculated deformation potentials is negligible since its values become close to 1 as q → 0. We plot the values of C(k; qs) for PbTe as a function of |q| for transverse and longitudinal acoustic modes along high symmetry directions in Fig. 3 , including both L → L+ q and L − q/2 → L + q/2 transitions. As the q vector becomes larger, the deviations of C(k; qs) from linearity, and thus from the deformation potential approximation, become larger. Similarly, the difference between the L → L + q and L − q/2 → L + q/2 matrix elements for the same direction and polarization increases with q.
Determining deformation potentials
We calculate the values of H ep /q numerically by taking the linear term of the 5 th order odd-polynomial fit to C(k; qs) versus q for each direction and phonon polarization of interest, given in Table V . We use an odd-polynomial fit because the Taylor expansion of H nn (k; qs) for PbTe contains only the odd terms of q. This is due to the fact that PbTe has an inversion sym-metry with respect to each atom, which reverses the sign of its intravalley acoustic phonon eigenvectors [81] , while leaving the electron-phonon matrix elements invariant. 
0.13 0.10 TABLE VI. Linear terms of the 5 th order odd-polynomial fits to the electron-phonon matrix elements as defined in Eq. (7) versus q for acoustic phonons along the five high-symmetry directions of q given in Table V, for both 
We first calculate Ξ L u by performing a linear regression fit to the linear terms extracted by fitting only to transverse acoustic matrix elements along the five symmetry directions, see Table VI . We apply equal weighting to all directions of q with a non-zero linear term, with the L → L + q and L − q/2 → L + q/2 matrix elements also weighted equally. This procedure yields the value of Ξ We also compute the acoustic deformation potentials of PbTe using the approach of Van de Walle and Martin [41] [42] [43] [44] . The calculation of Ξ u is relatively straightforward, since we only need to find the energy splitting between degenerate valleys of bulk due to strain. On the other hand, computing Ξ d is significantly more involved as it requires knowledge of the conduction band energy shifts under strain on an absolute scale [82] .
Under uniaxial strain along the [111] direction, the L valleys of a cubic material become non-degenerate and shift in energy proportional to the uniaxial deformation potential and the magnitude of the applied strain. These shifts in energy at the L point may be derived from Eq. (3), which yields the change in energy of the conduction bands [41, 42] as:
The uniaxial deformation potential then reads:
where ∆E L is the energy difference between the nondegenerate L valleys of the strained material.
To calculate this energy splitting from DFT, we strain the lattice constant parallel to the trigonal [111] axis, a 0, , and hold it constant at a value a = 1.0002 × a 0, . We then contract the lattice constant perpendicular to the [111] axis, a 0,⊥ , to a value a ⊥ such that the volume of the primitive cell remains constant. Strain is then defined as [41, 42] :
We calculate the energy difference between the nondegenerate L valleys under this strain using DFT, and then compute Ξ L u using Eq. (10). The dilatation deformation potential of PbTe can be determined from the shift of the conduction band minimum at L for a dilatation ε along the [001] direction, which can be found using Eq. (3) [41, 42] :
Here a c is the hydrostatic deformation potential of the conduction band, and refers to changes of the conduction band states under strain on an absolute scale [82] . However, the zero of energy is undefined for a bulk crystal due to the long range nature of the Coulomb interaction, resulting in no intrinsic reference for electronic states [83] .
To resolve this issue, we calculate a c following the procedure of Van de Walle and Martin [41, 42] . We start by calculating the conduction band energies at the L point for bulk unstrained PbTe and PbTe strained along the [001] direction, E L c (0) and E L c (ε) respectively. These DFT calculations also yield the total potential acting on electrons, defined as the sum of ionic, Hartree, and exchange-correlation potentials [41] , the averages of which we denote as V (0) and V (ε). Next, we construct a heterostructure which consists of unstrained and strained materials meeting at a (001) interface, which allows us to obtain the average total potential energies of either region, V ′ (0) and V ′ (ε) respectively, on an absolute scale. We then align the total potentials of the bulk calculations to those of the heterostructure, yielding the absolute splitting of the conduction band energies. The hydrostatic deformation potential for the conduction band can then be computed using:
We calculate the value of Ξ d using Eqs. (12) and (13), using the value of Ξ u obtained from the strain-induced splitting of the L valley. To calculate the dilatation deformation potential values of PbTe, we construct a (001) interface between the unstrained and strained regions, with 1% of tensile strain applied perpendicular to the interface. 
where a 2 /2 is the cross-section area perpendicular to the [001] direction of the described heterostructures. We show this average potential V (z) for a 16-atom PbTe heterostructure in Fig. 4 , highlighting the unstrained and strained regions. The average potentials of bulk unstrained and strained PbTe are overlaid on top (dashed black lines), shifted in energy so that V (0) = V ′ (0) and V (ε) = V ′ (ε). As expected, there is a deviation of the average potential of the heterostructure from the bulk behaviour in the vicinity of the interface. We assume that the atoms occupy the ideal positions of the bulk unstrained and strained materials for the considered [100] interface. However, this will not be the case for all interfaces, with certain directions producing a change in the internal displacement parameter. This is of particular importance for polar interfaces, where the change in atomic position produces a dipole shift [43, 84] . The supercell size introduces periodicity into the heterostructure calculation, and its size must be sufficiently large to restore the bulk behaviour for the average potential away from the interface. However, we found that our calculated values of a c did not converge smoothly with increasing supercell size. This numerical instability was due to the relatively sparse set of z points defining the average potential V (z), which is determined by the number of Fourier components in the plane wave expansion that is fixed by the energy cutoff (45 Ha for the LDA-HGH calculations, and 18.4 Ha for the PBE/HSE PAW calculations). For example, the calculated V (z) values did not necessarily align to the peaks and troughs of V (z). Thus, we performed a cubic spline interpolation of the average potential to generate a sufficiently dense set of V (z) values. We extracted the average potentials V ′ (0) and V ′ (ε) from the center of the unstrained and strained regions of the heterostructure, where the average potential is most bulk-like. In doing so, we defined the region over which the average potential energy is calculated as the central 4-atom subsection of the unstrained and strained parts of the heterostructure. This procedure yielded a better convergence with respect to increasing supercell size, see Table VII .
